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bstract
We study the dynamics of one-dimensional uniform lattice with the interatomic Born–Mayer potential. The travelling wave
olutions such as solitons are analytically described. The wave propagation in the one-dimensional lattice where nearest neighbour
toms interact via the Born–Mayer potential is considered. The Born–Mayer lattice admits travelling wave type solutions represented
y Jacobian elliptic functions and limiting form of such a wave solution is the localized pulse-like form called the solitary wave.
his solitary wave has further remarkable properties under collision, leading to the concept of solitons in nonlinear discrete lattices
hich has been studied.
 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
The development of nonlinear differential equations
re playing an increasingly important role in several
reas of science in general and physics in particular.
ome of the methods used for obtaining exact solutions
f nonlinear equations are first integral method [1–5], the
unctional variable method [6,7], the expansion method
8], the direct algebraic method (DAM) [9,10], etc.
The dynamics of solitary waves in nonlinear lat-
ices is a vast field of research and finds importantPlease cite this article in press as: M.A. Bhat, et al. Soliton soluti
interaction, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.
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ttp://dx.doi.org/10.1016/j.jtusci.2016.02.005
658-3655 © 2016 The Authors. Production and hosting by Elsevier B.V. on 
C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).physical applications. The study of the dynamics of non-
linear lattices and related solitonic excitations has been
greatly influenced by the pioneering works of Fermi
et al. [11] and of Zabusky and Kruskal [12]. Most of
the early work in this area has focussed on models of
one -dimensional (1D) monoatomic lattices with simple
interatomic potentials of the polynomial type [13,14],
which can approximate any realistic potential near the
equilibrium separation distance of two atoms. Usually
this description is done in continuum limit and show-
ing validity for zone-boundary phonon mode i.e. for
‘q’, the wave number of lattice waves, being near zero
or π/d0, where d0 is lattice spacing. Later Tsurui [15],
in 1972 proposed an analytical method for studying
the nonlinear excitations in the whole Brillioun (BZ).on in nonlinear lattice with nearest neighbour Born–Mayer
jtusci.2016.02.005
behalf of Taibah University. This is an open access article under the
This approach was later extended by Remoissenet [16]
and Huang [17,18]. Toda [19] and Ablowitz–Ladik [20]
lattices, which are completely discrete integrable sys-
tems shows exact analytical solutions for these nonlinear
 IN+Model
 UniverARTICLEJTUSCI-278; No. of Pages 4
2 M.A. Bhat et al. / Journal of Taibah
localized excitations in one-dimensional monoatomic
lattices.
In previous studies have shown that narrow soliton-
like excitations can propagate in discrete monoatomic
chains without any energy loss due to discreteness
effects. So, it is interesting to study the highly discrete
localized excitations in a lattice and investigate the pos-
sibility of soliton-like waves or even exact solitons in
lattices with realistic interaction potentials.
The purpose of this paper is to show the soliton
excitations of discrete uniform chain of atoms with near-
est neighbour interaction exhibited by the Born–Mayer
potential which is simple but theoretically sound since an
exponential form is suggested by quantum mechanical
considerations. The Born–Mayer lattice admits the peri-
odic solutions in terms of Jacobi elliptic functions (JEF)
dn(u, k), where k denotes the modulus of the elliptic
functions.
2.  Equation  of  motion  of  nonlinear  lattices
First we consider model for a nonlinear one-
dimensional crystal describing the motion of a chain of
particles with nearest neighbour interaction. The prob-
lem being considered is mechanics of one-dimensional
lattices (i.e. chains) of particles with nearest neighbour
interaction, we restrict ourselves to uniform system (also
referred to as a system without impurities). This means
each particle has mass ‘m’. Also we denote by yn, the
displacement of nth particle and by φ(yn+1 −  yn),the
interaction potential between neighbouring particles. We
label the particles as n  = 1, 2, 3, .  . ., N  and assume that
the lattice is fixed at the left end. If the potential energy
is denoted by φ(r), where ‘r’ stands for the elongation of
the spring over its natural length, the equation of motion
can be written as
m  y¨n =  φ′(yn+1 −  yn) −  φ′(yn −  yn−1).  (2.1)
The mutual displacement of adjacent particles or the
elongation of nth spring is given by
rn =  yn+1 −  yn.  (2.2)
The generalized momentum sn, which is canonically
conjugate to rn is defined by
sn = ∂K
∂  r˙n
. (2.3)Please cite this article in press as: M.A. Bhat, et al. Soliton soluti
interaction, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.
where ‘K’ is the kinetic energy
K  = 1
2
∑
m y˙n
2.  (2.4) PRESS
sity for Science xxx (2016) xxx–xxx
with
y˙n =  r˙1 +  r˙2 +  r˙3 +  · ·  · +  r˙n.
Therefore we have
m  y˙n =  sn−1 − sn, sn =  0.  (2.5)
And the Hamiltonian becomes
H  = 1
2m
N−1∑
n=0
(sn+1 − sn)2 +
N−1∑
n=0
φrn.  (2.6)
Therefore the canonical equations of motion are given
by
r˙n = ∂H
∂sn
= 1
m
(2sn −  sn+1 −  sn−1), (2.7)
s˙n =  −∂H
∂rn
=  −φ(rn).  (2.8)
If we eliminate sn from these equations, we obtain
m  r¨n =  φ′(rn+1) −  2φ′(rn) +  φ′(rn−1). (2.9)
which are equivalent to Eq. (2.1).
If Eq. (2.8) admits inverse, we may write
rn =  − 1
m
χ(s˙n).  (2.10)
Then we can eliminate rn from Eq. (2.7) to obtain
dχ(s˙n)
dt
= [sn+1 −  2sn +  sn−1]. (2.11)
This is an equation dual to (2.9). Eq. (2.11) turns out
to be mechanical equation of motion, if we interpret sn
as the displacement, then right-hand side of (2.11) can
be interpreted as the force of linear springs, and in the
left-hand side χ(s˙n) can be interpreted as the momentum.
3.  Born–Mayer  lattice
Consider the nonlinear lattice with nearest neighbour
Born–Mayer interaction, so the potential can be written
as
φ(rn) = ze(−rn/B).  (3.1)
where ‘z’ is the measure of hardness of the interaction
and ‘B’ is related to the relative size of the atoms.
φ′(rn) =  −Z
B
e(−rn/B). (3.2)on in nonlinear lattice with nearest neighbour Born–Mayer
jtusci.2016.02.005
since
s˙n =  −φ′(rn) ⇒ s˙n = Z
B
e(−rn/B). (3.3)
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The equation of motion
d
dt
ln
[
B
Z
s˙n
]
= 1
Bm
[sn+1 −  2sn +  sn−1], (3.4)
r
s¨n
s˙n
= 1
Bm
[sn+1 −  2sn +  sn−1].  (3.5)
Further, let us define a function
(u) =
∫ u
0
dn2(u′) ⇒  ′u  =  dn2(u).
hich satisfies the addition rule
(u  +  v) +  (u  −  v) −  2(u) = 
′′u
1
sn2v
−  1 +  ′(u) .
(3.6)
here dn(u) and snv  are Jacobian functions. Further
efining the Jacobian Zeta function with the period 2K
(u) =  (u) − E(k)
K(k) .  (3.7)
hich satisfies the following addition rule:
d
du
log
[
1 + z
′(u)
1
sn2v
−  1 + E
K
]
= z(u  +  v) +  z(u  −  v) −  2z(u).  (3.8)
here K(k) and E(k) are the elliptic integrals of first and
econd kind.
The nonlinear wave solution of wavelength λ  and fre-
uency ν  can be obtained by comparing Eq. (3.4) with
3.8) and putting
u  =  2
(
νt  ± n
λ
)
K,
v = 2K
λ
.
⎫⎪⎪⎬
⎪⎪⎭ . (3.9)
The solutions for sn and s˙n can be written as
1
Bm
sn(t) =  z(u)2Kν  + Z
B
u
2Kν
,  (3.10)
r
˙
n(t) =  Bm(2Kν)2z′(u) + Z
B
.  (3.11)
With the dispersion relationPlease cite this article in press as: M.A. Bhat, et al. Soliton soluti
interaction, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.
2Kν)2 = Z
B2m
[
1
1
sn2v
−  1 + E
K
]
.  (3.12)Fig. 1. Soliton profile of Born–Mayer potential.
From the definition of generalized momentum the
solution for the amplitude of this wave is given as
e−(rn/B) = B
2m
z
(2Kν)2
[
dn2
[
2(νt  ± n
λ
)K
]
− E(k)
K(k)
]
.
(3.13)
We obtained the soliton solutions in the limit of k  →  1,
then K→  ∞  which implies
snv  =  tanhv,  dn(u) =  sechu.
Therefore the soliton solution becomes
e−(rn/B) −  1 = B
2m
Z
[β2sech2βt  ±  κn], (3.14)
with the corresponding dispersion relation
2K(κ)ν  =
√
Z
B2M
[sinhv].  (3.15)
where
β2 = Z
B2m
sinh2κ and κ  = 2K
λ
Thus, we have a solitary pulse like wave given in
Fig. 1, where the lattice spacing is chosen as the unit
length. The solutions (3.10) and (3.11) imply that the
lattice is subjected to a constant external force Z/B. This
is however not a restrictive condition because if the lat-
tice is subjected to a constant force f, the solution still
holds with Z/B  = fe−(σ/B) and can be written as
e−((rn+σ)/B) −  1 = B
2m
fZ
[β2sech2βt  ±  κn].  (3.16)on in nonlinear lattice with nearest neighbour Born–Mayer
jtusci.2016.02.005
When the modulus k is small i.e. k is close to zero,
the amplitude of the periodic wave is small and the wave
is very similar to the sinusoidal wave, Therefore Eqs.
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(3.12) and (3.13) in the approximation (k  →  0) reduces
to
rn =  −ω
2k2B3m
8Z
[
cos
(
2nπ
λ
±  ωt
)]
,  (3.17)
and
ω  =  2πν  =  2
√
Z
B2m
sin
π
λ
.  (3.18)
where
E
K
 1 − k
2
2
,
dn2(u)   1 −  k2sin2u,
E, K   π
2
sn2v    sin2v,
z(u)  k
2
4
sin2u.
4.  Conclusion
In this paper, we developed the solutions to the equa-
tion of motion in a discrete lattice of particles interacting
with Born–Mayer potential. The travelling wave solu-
tions such as solitons are analytically described. This
implies that the larger the height is, smaller the width,Please cite this article in press as: M.A. Bhat, et al. Soliton soluti
interaction, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.
and the larger the speed of the wave. A constant force
acting on the lattice can easily be taken into account by
shifting the origin of rn. The second term in Eq. (3.11)
represents constant forces on each particle from the left
[
[
[ PRESS
sity for Science xxx (2016) xxx–xxx
and right neighbours and do not appear explicitly in the
equation of motion.
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